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ENERGY DECAY RATES FOR SOLUTIONS OF THE WAVE EQUATION 
WITH LINEAR DAMPING IN EXTERIOR DOMAIN 

M. DAOULATLI 

Abstract. In this paper we study the behavior of the energy and the L^ norm of solutions 



of the wave equation with locahzed linear damping in exterior domain. Let u be a solution 

^^1 of the wave system with initial data {uo,ui). We assume that the damper is positive at 

infinity then under the Geometric Control Condition of Bardos et al [3] (1992), we prove 

that: 

(1) The total energy Euit) < Co(l + i)~ /o and Iji* (i)||j;,2 < C'olo if (^iC"!) belong to 

Hi, (n) X L^ (n) , where 



lo = ll^toll^i + ||mi||^2 



(2) The total energy En (t) < C2 (1 + t) ^ h and ||u (t)|[^2 < C2 (1 + t) Vi, if the initial 
>^ ■ data (ito, iJ-i) belong to Hq (Q) x L^ (Q,) and verifies \\d (■) (iti + auo)||^2 < +Qo, where 



h = Ikollni + |tMi||£,2 + Itd(-) (ui +aMo)||^2 



■ . 1. Introduction and Statement of the result 

K*" ■ T.pt n hp a pnmnnrt Hnmnin nf IB'^ ('^ > 9^1 witb n°° hnimrlnrv T = /90 nnrl O = TR^^V 



Let O be a compact domain of R"* {d > 2) with C°° boundary F = dn and ft = W^\0. 



QQ ■ Consider the following wave equation with localized linear damping 



dfu — An + a (x) dtu = in M+ x Vl, 

u = onM+ X r, (1.1) 

f— s \ y u{0,x) = uo and dtu{0,x)=ui. 



Here A denotes the Laplace operator in the space variables, a (x) is a nonnegative function 
in L°° {n). 
Let 



^: " \ A -a 

and H = Hjj (il) x L^ (il), the completion of {Cq° (fi))^ with respect to the norme 



|2 1 / IV7 |2 , I |2 



then the domain of A 



\\i^O,^l)\\H= 2 l^'^ol +l'^ll ^^' 



Z?(A) = <j(no,ni)Gi/,A( ^J ) G^ 
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Let n G N and {uq,ui) G D (A^). Linear semigroup theory applied to (jl.ip . provides existence 
of a unique solution u in the class 

{u, dtu) G C^ (r+, D r.4"-^)) , with k<n. 

Moreover, if (uq, ui) is in Hq (i7) x L^ (0), then the system (jl.ip . admits a unique solution 
w in the class 

-u G C° (M+, H^ (O)) n C7i (M+, l2 (j])) . 

With (j2.2p we associate the energy functional given by 



Eu{t) = - I {\Vu{t,x)f + \dtu{t,x)f'^dx. 



The energy functional satisfies the following identity 

Eu{T)+ f [ a{x)\dtu\^dxdt = Eu{0), (L2) 

Jo Jn 

for every T > 0. 

Zuazua [16], Nakao [H], Dehman et al [7] and Aloui et al |I] have considered the problem 
for the Klein-Gordon type wave equations with localized dissipations. For the Klein-Gordon 
equations the energy functional it self contains the L^ norm and boundedness of L^ norm 
of solution is trivial. Thus under a geometric condition we can show that the energy decays 
exponentially while for the system (11. ID the energy decay rate is weaker and more delicate. 

In the case when a (x) > eo > in all of ri we know that 

Eu (t) < Co (1 + ty^Io and ||n(t)||^2 < CqIq, for ah t > 0, (1.3) 

for weak solution u to the system (jl.ip with initial data in Hq (Q) x L^ (il). 

Nakao in ^13j obtained the same estimates in ()1.3p for a damper a which is positive near 
some part of the boundary (Lions's condition) and near infinity. 

On the other hand, Dan-Shibata [5] studied the local energy decay estimates for the com- 
pactly supported weak solutions of (jl.ip with a (x) = 1 

/ (\Vu{t,x)\^ + \dtu{t,x)f)dx<C{l + ty'^, (1.4) 

where i?/? = {x G M"^, \x\ < R}. 

Furthermore Ikehata and Matsuyama in [lOj obtained a more precise decay estimate for 
the energy of solutions of the problem (jl.ip with a (x) = 1 and for weighted initial data 

Eu{t)<C2{l + ty^Iiand ||n(t)|j^2 <C2(l + t)"^/i for aht >0. (1.5) 

Especially this estimate seems sharp for d = 2 as compared with that of [5] . 

Ikehata in [9] derived a fast decay rate like (jl.Sp for solutions of the system (jl.ip with 
weighted initial data and assuming that a (x) > eo > at infinity and O = M'^\il is star 
shaped with respect to the origin. 

For another type of total energy decay property we refer the reader to [H [HI [151 [2] and 
reference therein. 

Before introducing our results we shall state several assumptions: 

Hyp A: There exists L > such that 

a (x) > eo > for |x| > L. 
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Definition 1. {uj,T) geometrically controls Q, i.e. every generalized geodesic travelling with 
speed 1 and issued at t = 0, enters the set u in a time t < T. 

This condition is called Geometric Control Condition (see e.g. [3] ). We shall relate the 
open subset u with the damper a by 

u) = {x G il;a{x) > eo > 0} . 

We note that according to [3] and [4] the Geometric Control Condition of Bardos et al 
is a necessary and sufficient condition for the stabilization of the wave equation in bounded 
domain. 

The goal of this paper is to prove that under the geometric control condition of Bardos et 
al [3] and for a damper a positive near infinity, the estimates in (11.31) hold for all solutions 
of the system (II. ip with initial data in Hq (Q.) x L^ (O) and to show that the estimates in 
(jl.Sp hold for all solutions of the system (|1.1|) with weighted initial data. Moreover we show 
that for every p £ N* there exists a initial data in Hq (Q) x L^ (Q) such that the solution v 
of (jl.ip verifies 

E^{t) <C{l + t)-P and 11?; (011^2 <C{l + t)-P+\ for ah t > 

and for some C > depending on the initial data. 

Theorem 1. We assume that Hyp A holds and (w,T) geometrically controls 0,. Then there 
exists Co > such that the following estimates 

Eu (t) < Co (1 + ty^ lo and \\u (t)||^2 < CqIq, for all t > 0, 

hold for every solution u of (jl.ip with initial data {uq.,ui) in Hq (i7) x L^ (i7), where 

lo = \\uo\\m + ll'^illia . 
As a corollary of theorem 1 we have: 

Proposition 1. Let n € N*. We assum,e that Hyp A holds and {^,T) geometrically controls 
Q. Let {uq, ui) in D (A"), such that uq E L^ ($7). Then the solution u of (II. ip satisfies 

Ea^u (t) < C„ (1 + t)-"-^ /o,„, for all t > 0, 

||5> (t) 11^2 < Cn-1 (1 + t)"" Io,n-i for all t > 0, 
and 

II A^r'^ (i)||'2 < C„ (1 + t)-" /o,„ for all t > 0. 
where Cp is a positive constant independent of the initial data and 

p 

Ell ■ il 2 2 

\\^' {uo,ui)\\j^ + \\uo\\l2 , forp£ N. 

In the sequel, we use 

|x| d > 3, 

d[x) = < ^ 

with i?inf Ixl > 2. 



"^^""^"l \x\ln{B\x\) d = 2, 



4 M. DAOULATLI 

Theorem 2. We assume that Hyp A holds and {oo,T) geometrically controls $7. Then there 
exists C2 > such that the following estimates 

Euit) < C2(l + t)~^Ii and ||n(t)||^2 <C2(l + t)"^/i for allt>0, 
hold for every solution u of (jl.ip with initial data (uq,ui) in Hq (0) x L^ (i7) which satisfies 

\\d{-) (ui +auo)|lL2 < +00, 
where 

h = II'^oIIhi + II^iIIl2 + \\d{-) {ui +aMo)|li2 • 
As a corollary we have: 

Proposition 2. Let n G N*. We assume that Hyp A holds and {oj,T) geometrically controls 
ri. Let {uo,ui) in D {A^), such that uq G L"^ (0) and 

\\d{-) (ni + ano)|1^2 < +00 

Then the solution u of ( ll.ip satisfies 

Ea^u (t) < C„ (1 + t)-"-2 /i,„, for all t > 0, 

ll^r^ (Ollia < a_i (1 + i)-"-i /i,„_i, /or aZZ t > 0, 
ond 

II A^r'w (t) 115,2 < Cn+i (1 + t)-"-' /i,n, /or a^; t > 0. 

where Cp is a positive constant independent of the initial data and 

p 
h,p = ^ 11^* (uo,ui)||^ + 11^011^2 + ||d(-) (ui + auo)||i2 , for p e N. 

4 = 

2. Proof of Theorem 1 

In order to prove theorem 1 we need some preliminary results. 

Proposition 3. We assume that Hyp A holds and {oJ,T) geometrically controls Q. Let 
M = nnB2L- Setting 

uji=ujn B2L = {x G il n B2L\ a (x) > eo > 0} . 

Then (wi,T) geometrically controls M. Therefore there exists a positive constant C^, such 
that the following estimate 

Ey,{t)<C^(f f a\dtw\^ + \f{s,x)fdxdsY (2.1) 

holds for every t >0, for every solution w of 

dfw - Aw + a (x) dtw = f (t, x) M+ x M, 

tf = M+ X dM, (2.2) 

(w(0),(9ttf (0)) = {wQ,wi) , 

with initial data in the energy space Hq (M) x L^ (M), and for every f in Lf^^ (^+, L? (M)) . 
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Proof. We remind that 

a (x) > eo > for |x[ > L. 

Let 

uji = {x e i} n B2l; a (x) > eo > 0} . 
To prove that {uJi,T) geometricaUy controls M, we have only to show that every geodesic 
starting from Bl enters the set ui in a time t < T. Let 7 a geodesic starting from Bl, then 
we have the following two cases 

• 7 stays in Bl for every t G [0, T[. Since (w = {x € ri; a (x) > eo > 0} , T) geometrically 
controls fi, we infer that 7 enters the set {x G ri n BL;a (x) > eo > 0} C wi. 

• 7 leaves the ball B^ for some t € [0, T[. Therefore 7 enters the set {x G ri n -B2L; la^l > -^j, 
since 

a (x) > eo > for |x| > L 

we deduce that 7 enters the set wi. 
Therefore using {6| proposition 3], we obtain (j2.ip . D 

Proposition 4. 14^e assume that Hyp A holds and {u;,T) geometricaUy controls ft. Let 6 > 
and X £ C'o° (K'^) • There exists Ct,5,x > 0? swc/i i/zai i/ie following inequality 

f [ X^ (x) (|Vu|^ + latnp) dxds < Ct,s,x ( f f a{x) \dtu\^ dxdsj +5Eu (t) , (2.3) 
holds for every t >0 and for all u solution of (ll.ip with initial data {uq,ui) in H. 



Proof. To prove this result we argue by contradiction: If ()2.3p was false, there would exist a 
sequence of numbers (t„) and a sequence of solutions {un) such that 

X^ {x) {\Vun\^ + \dtUn\^\ dxds > "- ( / I o.{x) \dtUn\^ dxdt \ + dEu„ (tn) ■ 

(2.4) 



In 
Setting 



^n= X^ (x) f|Vu„|^ + I9fU„n dxds and Vn 



2 , I Q l2\ J J J ''^n. V"n + 



•^n 



It is clear that (I2.4p , gives 

rT 



/ \ a{x)\dtVnf dxdt — ^ and ^^„ (0) < -. (2.5) 



Let Z„ be the solution of the following system 

' dlZn - ^Zn = M+ X f], 

< Z„ = M+ X r, 

^ (Z„ (0) , dtZn (0)) = ^ (Un (in) , 5tU„ [tn)) • 

The hyperbolic energy inequality gives 

sup^^^fi^^ (s) < 2||a(x)5it;„||^i(jo^]^2(j^)) , 

[0,T] 



supi5;,„_z„ (s) — ^ 0. (2.6) 

[0,T] n^-+oo 



Now using (j2.5p . we infer that 
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On the other hand, 

t-T f cT 

2 



J / / \dtZn\^ dxdt < 2rsup^„„_z„ {s)+ [ I \dtvn\^ dxdt. 
^ Jo Jul fo.ri Jo Jul 



[0,T] 

Since a (x) > eo > on w, from (|2.5p . we deduce that 

f-T r 

\dtVn\ dxdt — > 0. 

Juj n-^+oo 

(12. 6p combined with the result above, gives 



/ \dtZn\^dxdt — > 0. (2.7) 

Jul n^+oo 

It is clear that 

supEz„ (t) = Ez^ (0) = E,^ (0) < ^. 

[0,T] (J 

Therefore, along a subsequence, (Z„) is convergent to a function 

L^ eC ([0, T] ; Hd (n)) and ^tZ G L^ ([0, T] ; L^ (fl)) , 

with respect to the weak topology. Since Z satisfies 

' dfZ- AZ = in [0,r] x Q, 

Z = on [0, T] X r, 
(Zo,Zi) eHoin) xL2(0) 

9fZ(t,x) = on [0,r] xuj. 

Therefore we have 

Z eC ([0, T] ; ii-zj (17)) and dtZ G C ([0, T] ; L^ (J7)) , 

We remind that |x G M°', |x| > -^} C w. By a classical result of unique continuation, we 
obtain that dtZ = on [0, T] x 0,. this mean that Z (t, x) = Z (x) is independent of t. 
Therefore, we have 

AZ = and Z G Hd {^) , 

we conclude from this that Z = on [0,T] x fi (cf. [121 theorem 2.2 p 145]). 

The sequence (Z„) is bounded in H^^^ ((0,T) x Q), so eventually after extracting a subse- 
quence we can associate to the sequence (Z„) a microfocal defect measure fi. This measure 
satisfies these properties: The support of n is contained in the characteristic set of the wave 
operator and it propagates along the geodesies of Q. 

Now using (j2.7p . we deduce that 

/i = 0, on (0,r) xoj. 

Since {uj,T) geometrically controls 17 and fi propagates along geodesic flow, therefore we 
obtain 

^ = 0, on (0,T) X n. 
Let R > such that the support of x is contained in B^ and (p G C^ (0, T) such that 

/ if (s) ds > e > 0. 
Jo 
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Using the finite speed propagation property, we obtain 

[ V>{s) [ \VZnis)f + \dtZnis)fdxds>ef \VZnit)\^ + \dtZnit)\^ dx, 

Jo JnnBji+T JnnBji 

for all t € [0, T] . Now passing to the limit and using the fact that 

/u = 0, on (0,T) X n, 
we deduce that 

[ \VZnit)\'^ + \dtZnit)\^dx — > 0, for all i G [0, T] . 

Using the result above and (|2.6p we deduce that 



/ \Vvn{t)f + \dtVn{t)fdx — > 0, for alH G [0, T] 



So we conclude that 



/ x' (x) (\Vvn (t)l' + \dtvn (t)l') dx -^ 0, for all t G [0,r] . 
The fact that the energy of f„ is decreasing, gives 

x' ix) (|Vy„ {t)f + \dtvn (t)l') dx < C, for ah t G [0,T] . 



In 

By the dominated convergence theorem we infer that 

rT 



Jn 



1=/ X^{x)(\^Vn{t)f + \dtVn{t)f)dxdt -^ 0. 

./n ./o V / n^+oo 



D 



As a corollary we have. 



Corollary 1. We assume that Hyp A holds and {ijJ,T) geometrically controls Q.. Let 5,R > 0. 
There exists Ct.5,r > 0, such that the following inequality 

/ / (|Vwp + \dtuf\ dxds < Ct,s,r If f a{x) \dtu\^ dxds] + 6Eu (t) , (2.8) 
Jt JnnBR ^ ' ' ' \Jt Jn J 

holds for every t >0 and for all u solution of (jl.ip with initial data {uq,ui) in H. 

In order to prove theorem 1 we need the following result 
Lemma 1. Let ^j e C^ {R'^) such that < ^ < 1 and 

1 for \x\ < L 



"^ ^^^ ~ ■> for \x\ > 2L 

Setting w = ipu and v = {1 — ^jj)u where u is a solution of (jl.ip with initial data in Hq (il) x 
L2(J7). Let 

X{t)= V (t) dtv {t)dx + - / a (x) \v (t)p dx + kE^ (t) , 
Jn 2 Jq 
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where k is a positive constant. We have 

j-t+T / 2 \ /"*+^ (■ 
X{t + T)-X{t)+ Eu{s)ds+(k / a\dtu\^dxds 

rt+T j-t+T r 

< 2 E^,{s)ds+ \Vijf\u\'^dxds. (2.9) 

Jt Jt Jn 

Proof. Noting that for each [uq,ui) in Hq (Q) x L^ ($7) the solution u of (jl.ip are given as a 
hmit of smooth solution m„ with initial data {un O) ^n i) smooth such that (u^ o,Uni) — > 

' ' ' ' n— >+oo 

iuo,ui) in H^ [Q) x L^ (f]). Note that 

||u„(t, .) -u(i,.) 11/^1 + ||5tu„(t,.) -9tn(t,.)||z,2 — ^ 0, 

n— f+oo 

uniformly on the each closed interval [0, T] for any T > 0. Therefore we may assume that u 
is smooth. 

We have v = {1 — ip) u. Then w is a solution of 

dfv -Av + a (x) dtv = f {t, x) M+ x n, 

v = M+ X r, (2.10) 

{v{0),dtv{0)) = {l-ilj){uo,ui), 

with 

/ (t, x) = 2V^Vn + uAip. 
Using the fact that u is a solution of ()2.10p and that 



we deduce that 



^Eu{t) = - f a{x)\dtu{t)\^dx, 
dt Jn 

X{t)= j \dtv{t)\^ -\Vv{t)\^dx-k I a{x)\dtu{t)\^dx+ [ f{t,x)vdx. 
dt Jq Jq Jq 



Since 



/ / {t, x) vdx = / (2VV'V'u + uAifj) (1 - V) udx 
Jn Jn 



VipVu^ + u^Atpdx - / - VV'^Vu^ + u^ipAipdx 
n Jn 2 

[V-;/;! \u\ dx. 
Jn 

Thus we obtain 

— X(t) = f \dtv{t)\'^-\Vv{t)\'^dx-k [ a{x)\dtu{t)\'^dx+ I \Vij\'^\u\^dx 
dt Jn Jn Jn 

= 2 [ \dtv (t)p dx - 2E^ {t)-k fa {x) \dtu {t)\^ dx + [ {Vi^f \uf dx 
Jn Jn Jn 

< 2 \dtv {t)f dx - Eu (t) + 2Ey, (t) - k a (x) \dtu {t)f dx + iVipf \uf dx. 
Jn Jn Jn 

Using the fact that the support of (1 — ^) is contained in the set {x E 0, a (x) > eo}, we infer 

that 



/ 

Jn 



\dtv it)\'^ dx = I \{l - ^) dtu\^ dx < — I a{x)\dtu{t)\^ dx. 
Jn Co Jn 
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;X{t) + Eu{t)+ (k ) I a{x)\dtu{t)fdx <2E^{t)+ I \Vtpf\ufdx. (2.11) 



This gives 

d_ 
di' 

Integrating the estimate above between t and t + T we get (j2.9p . D 

2.1. Proof of Theorem 1. In the sequel C, Ct and Ct,s denote a generic positive constants 
and any changes from one derivation to the next will not be explicitly outlined. 
Let ^j eC^ {W^) such that < V < 1 and 

, , s ( 1 for Ixl < L 
^^^) = \ for \x\>2L 

Setting w = ipu and v = {1 — Tp)u where n is a solution of (jl.ip with initial data in Hq (0) x 
L^ (fi). Let 

X{t)= V (t) dtv {t)dx + - / a (x) \v (t)|^ dx + kEu (t) . 

According to lemma [H 

rt+T / 2 \ /■*+^ r 

X{t + T)-X{t)+ Eu{s)ds+{k / a\dtufdxds 

Jt \ ^0/ Jt Jn 

< 2/ E.^{s)ds+ / \Vi^\^\u\^dxds. 

Jt Jt Jn 

We have w = ipu. Then w is a solution of 

d^w - Aw + a (x) dtw = f {t, x) M+ x M, 
w = M+ X dM, 

{w{0) ,dtw{0)) = {'il^uo,'il)Ui) , 

with M = fl.n B2L and 

/ (t, x) = -2VipVu - uAiP G Ll^ (M+, L^ (Af )) . 

Since {ipUo,ipui) € -ffg (^) ^ -^^ (-^)i using (|2.ip we infer that the following inequality 

E^{t)<cUf I a\dtwf + \f{T,x)\^dxdTY (2.12) 

holds for every t > 0. According to ( [6, proposition 2]) 

Ey,{s) < 2e'-'(Ey,{t)+ r f \f{T,x)\^dxdT] 

< 2e^iEyj{t)+i I \f{T,x)\^dxdT\, ioTt<s<t + T. 
The estimate above combined with ()2.12p gives 

ft+T / r-t+T f \ 

/ E^{s)ds<CT[ a\dtwf + \f{T,x)fdxdT], 

Jt \Jt Jn / 

since 

rt+T j- I't+T f- 

I la \dtw\ dxdr < a \dtu\ dxdr, 

Jt Jn Jt Jn 
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we obtain 

rt+T / rt+T 



I Eu,{s)ds<CT( t [ a\dtuf + \f{T,x)\^dxdT), 
Jt \Jt Jn J 

On the other hand, using Poincare's inequahty we obtain 

/ / J/(t,x)| dxdT <Cl \ \ |Vn[ dxds^ 

Jt Jn Jt JQnB2L 

for some Cl > 0. The estimate (|2.8p . gives 

/ E^ {s) ds <Ct,s( f [a Idtul"^ dxdr] + ClCtSE^ (t) , 
Jt ' \Jt Jn J 

since 

rt+T I- ^ j-t+T 

Eu{t)< a\dtufdxdT + - E^{s)ds, (2.13) 

Jt Jn J- Jt 

we deduce that 

rt+T / f-t+T r \ rt+T 

/ E^ [s] ds <Ct,5{ a \dtuf dxdr ) + CtS E^ (s) ds. 

Jt ' \Jt Jn J Jt 

Using dlSl) and (I2l3]) . we infer that 

rt+T I- / rt+T r \ rt+T 

/ I'^i'f lu]"^ dxds < Ct,5 { aldtufdxdr] +Ct6 Eu(,s)ds. 

Jt Jn ' \Jt Jn J Jt 

Now (|2.9p and the estimates above gives 

X{t + T)-X{t) + {1- 3Ct(5) //+^ Eu (s) ds+(k--^- 3Ct,s) fl^^ Jn a Idtul"^ dxds < 0. 
We have 

X{t) < llMoo [ \^it)\'^dx+(k + ^jEu{t) and 

X{t) > '-^J\v{t)fdx+(k-p\Eu{t). (2.14) 

We choose 5 and k such that 

1-3Ct<5 = ^, 

2 8 

k 3Ct s > e > and k > e, 

eo ' eo 

therefore we obtain 

I rt+T rt+T r 

X{t + T)-X{t) + - Euis)ds + e a\dtuf dxds < 0, (2.15) 

2 Jt Jt Jn 

this gives 

1 r^ 

X (riT) + - Eu{s)ds<X (0) , for ah n G N. 

2 Jo 
So there exists a positive constant C such that 

r+co 

supX(t)+ / Eu{s)ds < CX{0) 
R+ Jo 

< CIo, (2.16) 
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with 



-^0 = \\uo\\h^ + ll'UlllLa • 



Since 1 — -0 = 1 for |x| > 2L and 

X(t)>^ f \vit)\'dx>'-^ f \uit)\'dx, 

4 Jn 4 J{\x\>2L} 

therefore using ()2.16p we obtain 



4C 

sup / 1^(^)1 dx < — Iq. 

K+ J{\x\>2L} eo 

Poincare's inequahty and the fact that the energy of u is decreasing gives 

[ \u{t)\'^dx<CL [ \Vu{t)fdx<CLEuiO). 

Combining the last two estimates, we get 

sup / \u (t)p dx < — lo + ClEu (0) < CIq. 
K+ Jn ^0 

The energy decay estimate follows from ()2.16p and the fact that 

(1 + t) Eu (t) < Eu (0) + / Eu (s) ds < CIo, for ah t > 0. 

Jo 

This finishes the proof of theorem 1, now we give the proof of proposition 1. 



(2.17) 



2.2. Proof of proposition 1. Let n E N* and u solution of (jl.ip with initial data {uo,ui) 
in D (A") such that uq € L^ ($7). We set Un = dfu. First we prove 



r+oo 

/ (1 + sf Eu„ (s) ds < CnIo,n, for all n G N 
Jo 



(2.18) 



where 



'0,n 



i=0 



A' 



no 

Ul 



+ I1^oI1l2 



H 



Let ti be a solution of (jl.ip with initial data {uo,ui) in D [A^^ such that uq G L^ (il). 
From (j2.16p we infer that 



/ E^ (s) ds < Colo- 
Jo 

We assume that the following estimate 

r+oo 

/ {l + syE^^{s)ds<CpIo,p, 
Jo 



(2.19) 



holds, for all solution u of (jl.ip with initial data {uq,ui) in D [A^] such that uq S L^ (il). 
Let u be a solution of (jl.ip with initial data (tio,ni) in D (^^^^) such that uq € L^ (il). 
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We have Up+i = df (dtu). Since (dtuiO) ,dfu{0)) = A ( ^° j G D (AP) and dtu{0) 



Ml E L^ (ri). According to ()2.19p . we have 



/. + 00 / P 

•^0 V*=0 



A' 



+1 / ^0 
Ui 



H 



+ \Wi\\l2 



< C„Ii 



p-fO.p+l- 



(2.20) 



Let ip eC^ (R'^) such that < ^ < 1 and 



ip (x) 



1 for |x| < L 
for Ixl > 2L 



Setting w = V'^p+i and v = {1 — ijj) Up+i. Let 



X{t)= I V (t) dtv {t)dx + - fa (x) \v{t)\^dx + kE^^^, (t) , 
Jn ^ Jn 



where k \s a, positive constant. Up+i satisfies 



in ]R_|_ X il, 



dfup+i - Aup+i + a {x) dtUp+i = 

Up+i = on M+ X r 

(up+i (0, x) , dtup+i (0, x)) G FqI (f^) X L2 (J]) , 



Then we know from ()2.15p that 

I rt+T rt+T r 

X{t + T)-X{t) + - / Eu^^^ {s)ds + e a \dtUp+i\^ dxds < 0. (2.21 

2 Jt Jt Jn 

Multiplying the estimate above by (1 + t + T)^ , we obtain 

(1 + t + T)P+^ X{t + T)-il + tf+^ X (t) 

+ 1 /r^ (1 + ^T^' ^«P+i (^) ds <Ct{1 + tfX{t) . 

Therefore using (121^ , IHTM, and the fact that 



X{t)<\ ||a|L Eu, (t) + (^ + ^) ^«P+i (*) ' 
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we deduce that for any g € N* 

f-qT 9-1 






j=0 
g-1 

1=0 

9-1 /.{i+l)T 

< ctY, / (1 + ^r (^%+, is) + i?„, (s)) ds 

+Ct{Eu^^AO)+Eu,{0)) 

f+oo 

< Ct / {l + sf{E^^^,{s) + Eu,{s))ds 

Jo 

+Ct{Eu,^AO)+Eu,{0)) 

< C't,p-^o,p+i- 



We deduce that 



r+oo 

/ (1 + sf^^ Eu^^, (s) ds < Cp+i/o,p+i 

JO 

We remind that we have proved that 

r+oo 
/ {l + srEuAs)ds<CnIo,n. 

Jo 
Now the energy decay estimate foUows from the fact that 

(1 + tr^' Eu„ (t) < Eu„ (0) + (n + 1) / (1 + sr Eu„ is) ds 

Jo 

for ah t > 0. Now using the estimate above, we infer that, 

{i+trmu{t)\\i, < 2{i+trE^^_At) 

< Ci/o,„-i for ah i > 0, 

We have 9"~ n is a solution of the following system 

d'^+^u - Ad'^-^u + a (x) d^u = in M+ x f), 

dl'-^u = on R+ X r, (2.22) 

{d^'^u (0, x) , af n (0, x)) G D (A) 

therefore 

(5j"-^u,a» gC7^(m+,f). 

Using Eq (12:22]) , we infer that 

ii+tr\\Adr'u{t)\\i, < c{i+triEuAt)+Eu„_At)) 
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3. Proof of Theorem 2 

This section is devoted to the proof of theorem 2 and proposition 2, we begin by giving 
some prehminary results. 

Proposition 5. We assume that Hyp A holds and {u},T) geometrically controls Q. Let 6 > 
and X £ Cq° (M'^) . There exists Ct,5,x > 0; such that the following inequality 



ft In ^ (^) (-*- + ^) l^^l ^^'^s ^ C't,5,x ( /i /n o {x) (1 + s) |9tn| dxds j 



+ 5 ( (1 + t) S„ (t) + //+^ ^ |np dxds] 



(3.1) 
/loZds /or every t > and /or a// n solution of (jl.ip lyzi/i initial data {uq,ui) in Hq x L^. 

Proof. To prove this result we argue by contradiction: If (|3.ip was false, there would exist a 
sequence of numbers (in) and a sequence of solutions (n„) such that 

//;+^ L X^ (2;) (1 + s) |Vn„p dxds > n (//^^^ ^ a (x) (1 + s) \dtUn\^ dxds) 

+ 6({1 + tn) Eu^ (t„) + //"+^ /^ jn„|2 dxds) . 



We may assume that tn — > +00 (if the sequence tn is bounded we can argue as in the 

n— >+oo 

proof of proposition H]). Setting 





rtr.+T r 


X2 - 
^n — 


/ I X (2;) (1 + s) Vn„ dxds and t" 




Jtn Jn 


We have 


^ (1 + tn) Eu„ (tn) < ^ and ^ / / 1 
K " K Jo Jn 


moreover 





Xr 



2 1 

Un{tn + s)\ dxds < -, (3.2) 





2 f-tn+T f- 

— y / / a (x) (1 + s) l^fii^l dxds — > 0. 

A„ Jt„ Jn "-^+°° 



(3.3) 



fn is a solution of the following system 

d^Vn - Avn + adtVn = fn (t, x) in M+ X r2, 
Vn (t, x) = on R+ X F, 

{Vn,0,Vn,l) (^H^i^) xL2(0), 

with 

fn{t,x) = ^{l+tn + t)-^ (a{x)-^{l+tn + t)-^jUn(,tn + t) 

1 _l 

+ T-(l+tn + i) 2 atU,, (t„ + t) . 

It is clear that (\3.2\i . gives 

1 f-tn+T r- 

< C{l + tny^— I / |u„(s)pdxds 



dxdt 






An Jtn -^n 
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and 



T 

Jn 



— (l + tn + t) 2dtUn{tn + t) 



dxdt < ^ ^ — / / \dtUn {tn + t)\^ dxdt 



Jn 



< 



< 



A„ 



'^TEu„ {tr 



2r(i + i„)- 



We conclude that 



dMD gives 
rT 



[ \f^{s,x)fdxds<C^-^^^^ 
Jn (> 



r-tn+T 



(3.4) 



If 1 /■'i+^ r 

/ / a{x)\dtVn\^ dxdt < ||a||^ (1 + 1„)"^ -y / / \un{s)\^ dxds 

Jo Jn \ Jtn Jn 

-\ — 2" / / o, {^) {^ + s) \dtUn\ dxds 

^n Jtn Jn 



^ l|Q|loo(l + ^r^ 



+ \2 



K Jt 



tn+T 



a (x) {1 + s) \dtUn\ dxds. 



Now using (j3.3|) , we deduce that 



a{x)\dtVn\ dxdt — > 0. (3-5) 

/O Jn n->+oo 

We multiply the equation satisfied by n„ by (1 + t) dfUn and integrating between t„ and tn+t, 
we obtain 

rtn+t rtn+T I' 

(1 + t„ + t) Eu„ {tn + t)-(l + t„) Eu„ (tn) = / Eu„ (s) ds- a (x) (1 + S) \dtUr. 

thus by using p.2p , we infer that 

-^{l + tn + t) Eu„ (tn + t) < -2" (1 + tn) ^„„ (t„) + TJ / ^n„ (s) ds 

A„ A„ ; 

1 T 

< - + -, for alHG [0,r] 





dxds 



A„ Jt 



2 



On the other hand, we have 



/ E^At)dt < i/ (l + tn + t)^«„(tn + i) + (l+tn+t) ^ /" |Un(in + i)P 

^0 A„ Jo L Jn 



dx 



dt 



< 



Ct 



Let Znhe the solution of the following system 

dfZn - AZ„ = 



M+ X Jl, 

z„ = M+ X r, 

{Zn (0) , aiZ„ (0)) = {vn (0) , ait;„ (o)) . 
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The hyperbolic energy inequahty gives 



SUP-E^„-Z„ (s) < Ct \\a {x) dtVn + /« (i,a:)||^2(ro,Tl,L2f 



TE^AO) = TEzAO)= f EzAt)' 

Jo 



[0,T] 

Now using (j3.5p and (j3.4p , we deduce that 

supE^^^z„ (s) — > 0. 

[0,T] n^+oo 

Using the estimate above, we obtain 

rT 

„,^ . ; dt 
/o 

< 2rsupS„„_z„ is) + 2 [ E,„ it) dt 

[0,T] Jo 

this gives 

sup^z„ (s) = E,„ (0) < Ct,s. 

[0,T] 

Using the result above and ( [6l proposition 2]), we infer that 

Ev„ (t) < 2e^ (e^„ (0) + / / \fn (r, x)\^ dxdr^ for < t < T 

< Ct,s, for ah < t < T. 

To complete the proof we have only to argue as in the proof of the proposition [H D 

As a corollary we have 

Corollary 2. We assume that Hyp A holds and {oj,T) geometrically controls ri. Let 6,R > 0. 
There exists Ct,s,r > 0, such that the following inequality 

It^^ InnB^ (1 + «) I Vn|' dxds < Ct,s,b. (/^^ In « (^) (1 + «) \dtnf dxds) 

+ 5 [(I + t) S„ (t) + J/"*"^ ^ lup dxds^ . 
holds for every t > and for all u solution of ( ll.ip wii/i initial data {uq,ui) in H. 

In the sequel we need the following result 
Lemma 2. Let ip e C^ {W^) such that < ^ < 1 and 

1 for \x\ < L 



^^^^ 10 for \x\ > 2L 

Setting w = ipu and v = {1 — ip)u where u is a solution of (jl.ip with initial data in Hq (il) x 
L2(f]). Let 

X{t)= V (t) dtv {t)dx + - / a (x) \v (t)p dx + kE^ (t) . 
Jn 2 Jq 

where k is a positive constant. We have 

{l + t + T)X{t + T)-{l + t)X{t) + //+^ (1 + s) Eu {s) ds 

+ (^ - I;) t^ L « (1 + ') \dtn? dxds (3.7) 

< 2 //+^ (1 + s) Eu, (s) ds + //+^ /^ (1 + s) |VV|^ \uf dxds + //+^ X (s) ds. 
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Proof. We may assume that u is smooth. According to (j2.1ip 

^X{t) + Eu{t)+(k--] f a{x)\dtu{t)fdx<2E^{t)+ [ IV^]"^ \uf dx. 
dt V ^0/ Jn Jn 

We multiply the estimate above by 1 + 1, we obtain 

— il + t)X (t) + (1 + Eu (t) +(k-^j la (x) (1 + t) \dtu (t)|2 dx 

< 2{l + t)E^ [t) + {l + t) / \Vip\^ \u\^ dx + X {t) . 



We integrate the inequality above between t and t + T, we obtain ()3.7p . D 

3.1. Proof of Theorem 2. In the sequel C, Ct and Ct,5 denote a generic positive constants 
and any changes from one derivation to the next will not be explicitly outlined. 
Let tpeC^ (M"^) such that < ^ < 1 and 

, \ _ / 1 for \x\ < L 
't'^^)-\ for \x\ >2L 

Setting w = ij^u and v = {1 — ip)u where u is a solution of (jl.ip with initial data in Hq (i7) x 
L? {VL) such that 

\\d{-) [ui + ano)|1^2 < +oo. 
Let 

X{t)= V (t) dtv {t)dx + - / a (x) \v {t)\^ dx + kE^ (t) , 
Jn 2 Jq 

where A; is a positive constant. According to ()3.7p we have 

{l + t + T)Xit + T)-{l + t)Xit)+ f (1 + s) Eu (s) ds 

+ ik j/ /a(l + s) \dtu\ dxds 

rt+T rt+T r rt+T 

< 2/ {I + s) E^ {s) ds + {l + s)\V'4)\^\u\^dxds+ X{s)ds. 

Jt Jt Jn Jt 



Let f^i = (1 + 1) 2 w. Then wi is a solution of 

dfwi - A-wi + a (x) dtwi = ^ (1 + t)~^ (a (x) -\{l + t)""^) w + f {t, x) M+ x M, 

' wi = M+ X dM, 

{wi (0) , dfWi (0)) = {xpuo,^pui) , 

with M = fl.n B2L and 

/ (t, x) = (1 + i)"5 9tw - (1 + i)^ (2V^Vn + uAip) . 

We have 

1 1 1 

dtwi = - (1 + t) 2 w + (1 + i) 2 ^tw 

therefore, using Poincare's inequality we conclude that there exists a positive constant c such 
that 

(1 + t) Ey, (t) < cEyj^ (t) , for all t > 0. (3.8) 
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Moreover we have 

rt+T r rt+T 



rt+1 /• rt+i r 

/ a\dtWi\'^dxds<{l + \\a\U / a (1 + s) l^t^l^ + 

Jt Jn Jt Jn 



w\ dxds. 



It Jn Jt Jn 

{ipuo,ipui) G H^ (M) X L2 (M) and 



i (1 + ty-^ (a (x) -1(1 + ty'^ yj + f(t,x)G LL (IK+, L^ (M)) 



2 
Therefore using (12. ip . we infer that 

ft+T 



^^i(t) < C^(f f a{l + s)\dtwi\'' + \f{s,x)\^dxds\ 

- ^H I [ai^ + s)\dtw\^ + \f{s,xy + \w\^dxds], (3.9) 

holds for every t > 0. We have (cf, j6l proposition 2]) 

En., is) < 4e^~* f ^«,i (t) + / f \fis,x)\^ + \w\^dxds) 

< 4e^(S^i(t)+/ \f{s,x)\^ + \w\'^dxds],iort<s<t + T. 



Using the estimate above, (|3.8p and p.9p , we get 

rt+T / /.t+T 



/ {l + s)E^{s)ds<CT[ a{l + s)\dtw\^ + \f{s,x)\^ + \w\^dxds\ . 



Which yields to 

r-t+T / ft+T 



I {I + s) Ey, {s) ds < Ct ( I a{l + s)\dtu\^ + \f{s,x)\^ + \w\^dxds] . (3.10) 

Jt \Jt Jn J 

Now we estimate the second and the third term of the RHS of the estimate above. For second 

term it is clear that 

rt+T I- i-t+T I- 

/ \f{s,x)fdxds<CL / {l + s)\Vuf + {l + sy^\dtufdxds, (3.11) 

Jt Jn Jt JnnB2L 

for some Cl > 0. Using ()3.6p . we infer that 

rt+T r / rt+T 



/ / {l + s)\Vufdxds < Ct,s( a (1 + s) \dtu\'^ dxds] 

Jt JnnB2L ' \Jt Jn J 

+Ct5(I f\u\^dxds + {l + t)Eu{t)j. 



For the second term of the RHS of (|3.1ip , we use (|2.8p 
>nnB2L 



It^^ InnB2L (^ + ''^ ^ l^*""!^ "^^"^^ 



< Ct,5 (f!^^ In a i^) \dtuf dxds) + 6Eu (t) 

< Ct,s (/r^ J^ail + s)\dtu\^ dxds) + CtS (//+^ J^\u\^ dxds + {1 + t) E^ (t) 



smce 

rt+T j- 2 /■*+^ 

(1 + t)Euit)< / a (1 + s) \dtuf dxds + - / (1 + s) ^„ (s) ds, 

Jt Jn ^ Jt 
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then 



(3.12) 



/r^ In 1/ (^' ^)l' dxds < Ct,5 (/r^ L a (1 + s) \dtuf dxds) 
+ CtS (J/"*"^ J^ \u\^ dxds + //+^ (1 + s) Eu (s) ds 

To estimate the third term of the RHS of (j3.10p we use (j2.8p and we obtain 

It^^ In\^\'^ dxds 

< Ct,s (ft^^ In a {x) \dtu\^ dxds^ + 5Eu (t) 

< Ct,5 (/r^ L a (1 + s) \dtu\^ dxds^ + CtS (//+^ ^ \u\^ dxds + //+^ (1 + s) Eu (s) ds) . 

(3.13) 
Combining (I3.12P and (I3.13p . we get 

//+^ (1 + s) E^ (s) ds 

< Ct,s (//^^ L a (1 + «) \dtu\^ dxds^ + CtS (//+^ /^ |n|2 dxds + //+^ (1 + s) E^ (s) ds 

On the other hand, using p.6p we infer that 

r-t+T 



/ / {l + s)\VTpf\u\^dxds 
Jt Jn 

Ct,s( a {1 + s) \dtuf dxds] + CtS I \u\^ dxds + {I + s) E^ {s) ds] . 

\Jt Jq ) \Jt Jn Jt J 



Now (|3.7j) and the two estimates above gives 

{l + t + T) X (t + T) - (l + t) X (t) + {1 - 3Ct5) //+^ (1 + s) Eu {s) ds 
+ (A: - I - 3Ct,5) //""^ L « (1 + s) \dtu\^dxds 
< //+^ X (s) ds + CtS //+^ ^ |np dxds. 

We have 

X{t) < h\a\\^ f \v{t)\'^dx+(k + —]Eu{t) and (3.14) 

^ Jn V ^0/ 

X(i) > J /" b(t)pdx+('A:-^')s„(t). (3.15) 

We choose S and k such that 

1-3Ct<5=^, 



2 8 

A; 3Ct 5 > e > and /c > e. 

eo ' eo 



Thus we get 



{1 + t + T) X {t + T) - {1 + t) X (t) + ^ //+^ (1 + s) S„ (s) ds 

+ej^^'^ J^a{l + s)\dtu\^dxds (3.16) 

<//+^X(s)ds + l//+^^H2dxds. 



(3.17) 
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As in the proof of theorem 1, from the estimate above, we deduce that 
sup ((1 + t)X (t)) + 1 /+°° (1 + s) Eu is) ds 

<C[X (0) + /+°^ X is) ds + /+°° /^ |np dxds) . 
Using the fact that 1 — ip = 1 for |x[ > 2L, we obtain 

r / r+oo r+oo n \ 

sup(l + t) / \u{t)\^dx<C[X{id)+ X{s)ds+ \ufdxds). 

K+ J{\x\>2L} V Jo Jo Jn J 

On the other hand, using ()2.17p , we obtain 

{1 + t) [ \u{t)fdx < CLil + t) [ \Vu{t)fdx 

JnnBiL J^ 

< CLil + t)Eu{t) 

< Ch. 
Combining the estimates above we deduce that 

sup (1 + t) J^ \u (t)p dx<c(x (0) + /+°° X is) ds + /+°^ /^ \u\^ dxds + /o) . (3.I8) 

R+ ^ / ^ ' 

Now we need the following result due to Ikehata [SJ lemma 2.5] 

Lemma 3. Let u be a solution of (jl.ip with initial data {uq,ui) in Hq (Q) x L^ (Q) which 
satisfies 

\\d{-) (ui + auo)\\^2 < +00 

where 

r( s _ j \x\ d>3 

^^^~ \ \x\ln{B\x\) d = 2 

with Binf \x\ > 2. Then there exists C > 0, such that 

II^(0IIl2+ / / o|u(s,x)|^(ixris < C f||no||^2 + ||(i(-) (ni + ano)|1^2J , (3.19) 

for all t > 0. 



We have 



\u\ dxds < / / \u\ dxds + \u\ dxds 



Jn Jo JnnBi^ Jo J{\x\>l} 

t r ^ ft 



< Cl / / |Vti| dxds -\ / / a\u{s,x)\ dxds 

Jo JnnBr eo Jo Jn 



'0 JnnBL 

rt 1 ft 



< Cl / Eu{s)ds-\ / / a\u{s,x)\ dxds. 

Jo £0 Jo Jn 



In 
Now using (|3.19p and (I2.16J) . we get 

/ |n| dxds < CIi, 
/o Jn 

with 

|2 ,11 ||2 , II 7/ N / , M|2 



h = \\uo\\h-^ + ||^ii|lL2 + \\d{-) {ui + ano)||^2 
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On the other hand, using (j3.14p and the fact that 

r+co 

/ Eu (s) ds < CIo 
Jo 

we obtain 

r+oo / /■+00 !• r+oo \ 

/ X{s)ds < C{ / \u\^dxds+ / Euis)ds] 

Jo \Jo Jn Jo J 

< Ch. 

Finahy it is clear that, 

X(0) <Ch. 
Therefore from (j3.18p 

r / r+oo r+oo r \ 

sup(l+t) / |n(i)pdx < C[X{0)+ X (s) ds + \uf dxds + Iq] 

R+ Jn \ Jo Jo Jn J 

< Ch, 
and (|3.17p , gives 

r+oo 

/ {l + s)Eu{s)ds<Ch. 
Jo 

The energy decay estimate fohows from the fact that 

r+oo 

{l + tfEu{t) < E^{0) + 2 {l + s)E^{s)ds 

Jo 
< Ch, for all t > 0. 

This finishes the proof of theorem 2 and now we give the proof of proposition 2. 

3.2. Proof of proposition 2. Let n E N* and u the solution of Ol.ip with initial data in 
D (A^) such that uq € L^ (17) and 

\\d (•) {ui + quq) 11^2 < +00. 

Let V = dtu. Using these estimates 

r+oo r+oo 

/ {l + s)Eu{s)ds<Chai^d / {I + s) E^ (s) ds < CIq^i, 
Jo Jo 

and proceeding as in the proof of proposition 1, we show that 

r+oo 

/ {l + sfE^{s)ds<Cih,i- 
Jo 

We set Un = d^u, for n > 1. Using induction argument and arguing as in the proof of 
proposition 1, we prove that 

r+oo 

/ {l + sr-^^E^^{s)ds<Cnh,n, 

Jo 
with 

n 
h,n = '^WA' {uo,Ui)\\j^ + \\uo\\l2 + \\d{-) {Ul +0^0)11^2 . 



i=0 
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The energy decay estimate follows from the fact that 

(1 + t)"+2 E^^ it) < E^„ (0) + (n + 2) /* (1 + s)"+i E.,^ (s) ds 

Jo 
< Cnh,n, for all t > 0. 

Now using the estimate above, we infer that, 

(i+tr+Miarn(t)iii. < 2 (1 + tr+i i?.„„, (t) 

< Cn-ili,n-i for all i > 0, 

We have d^~ u is a solution of the following system 

a"+^u - Adt^^u + a {x) d^u = in M+ x f), 

d'^-^u = on M+ X r, (3.20) 

{d'^-^u (0, x) , dfu (0, x)) € D {A) 

therefore 

(9rV9rn)GCi(R+,if). 
Using Eq ([3:20|) , we infer that 

(i + t)"+i||Aarin(t)||^, < c(i + ty"+i(K„(t) + K„_,(t)) 
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